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Abstract 

We construct quantum deformations of the integrals of motion of 
the generalized mKdV equations for 5I2. For this, we give the relevant 
vertex operator algebra and prove quantum Serre relations for vertex 
operators, it allows to construct a g-BGG resolution and to deform 
the classical integrals of motion in a commutativ family. 
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1 Introduction 



The generalized mKdV equations were introduced in |0|. They are 
associated to an arbitrary Kac-Moody algebra and an integer I. The 
Lax operator has the form: 

£ = d x + p-e + ^2 ^2 u iA x ) e i,v = 9 X + L, (1) 
-e<i<o v 

where for all i, (ej )P ) p is a basis of the principal degree % part of the 
affine Lie algebra $j. In Q, we studied the simplest case of these equa- 
tions - when q = SI2 and £ = 3. In that case, L = p_3 + + 
.E_ie_i + .F_i/_i + Hoho (we use the convention that x n has principal 
degree — n). The main theorem was a geometric proof of the commu- 
tation of the classical integrals of motion (already proved in 0). For 
that aim, one of our results was that the group-theoretic interpreta- 
tion of H II - interpretation of the space of jets of Hq, E-i, F_i, il_2 
with the functions on a quotient N + /A + of subgroups of the Lie group 
associated with 5(2 - could be carried out in this situation, if we set 
the central element d-\ = (i?-i + F-\ + -ff_ 2 )/2 anc ^ an ^s derivatives 
equal to zero. The action of the derivation d x on: 

4 = C[H^\EtlF^,H^]/(d^,d'_ 1 ,. . .,<£>,. • •), 

was then identified to the right action of ps, the principal degree —3 
element of 5(2, on N + /A + , where N + is viewed as a submanifold of 
the flag space of sl%- This allowed us, by studying a BGG complex 
(defined in Q |3|]), to give a cohomological interpretation of the inte- 
grals of motion similar to that of [||. We have then showed in Q the 
commutation of the classical integrals of motion. 

Theorem 1.1 . The £ d 2 j+i, which are in C[7Tg], are in involution 
for the Poisson brackets. 

The cfej+i are some polynomials in ELi, F-i, H^2i Hq of the gen- 
eralised mKdV equations, the § dn+\ form the classical integrals of 
motion, which commute with each other as in [fjj, and so generate a 
family of commuting vector fields. 

In the present paper, we study the quantization of the system 
and we construct quantum deformations of the classical integrals of 
motion. The main theorem is (theorem |6.1| ): 
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Theorem 1.2 . The integrals of motion <f d 2 i+i admit quantum de- 
formations, which belong to a completed universal envelopping algebra 
and which commute with each other and have the same degrees as the 
integrals of motion. 

For this, we construct a Lie algebra naturally associated to the 
classical Poisson algebra and show, only after taking its quotient by the 
quantum deformation of d-\ (definition |3.1| ) and derivatives, a VOA 
structure (theorem 4.1), the three axioms for a VOA (defined in |H]) are 
proved, field-state correspondence (proposition |4.2|) , Sugawara field 
(proposition |4.3| ), locality (proposition |4.4j ). The classical screening 
charges are replaced by vertex operators (introduced in Q |l2|]) V+ = 
£ ie2 £-i[-2/3 + i] ® v+[-l - i] and V- = £ l6Z F-i[-2/3 + i] ® 
V—[— 1— *]. We show (theorem 5A_) that V+ and V- satisfy the quantum 
Serre relations. This generalizes a result of M; this result is obtained 
by a reasoning using the analogy with a lattice model. Finally, we 
construct a quantum BGG resolution and use deformation arguments 
to show that the classical integrals of motion admit quantizations, 
which commute to each other (theorem S.l). 



2 The Lie algebra associated fields 
2.1 The Lie algebra q 

The Poisson brackets at level of the variables of the generalized mKdV 
equations are the following ones in H [fjj: 

{H (x),H (y)} = ^d x 5 x , y , 

{H (x),E^(y)} = 0, {H (x), F^(y)} = 0, {H (x), H_ 2 (y)} = 0, 

{E^(x),E^(y)} = 0,{F^(x),F^(y)} = 0, 

{E^(x),F^(y)} = -4H_ 2 (x)5 x , y , 

{E^(x),H_ 2 (y)} = 26 x>y ,{F_ 1 (x),H„ 2 (y)} = -26 XjV , 

{H„ 2 (x),H„ 2 (y)} = 0. 

The Lie algebra g is defined by its generators, E-i[n], F-i[n] and 
H- 2 [n]: 

E-x [n),n G -2/3 + Z, 
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F_i[n],n € -2/3 + Z, 
#- 2 [n],n G -1/3 + Z, 
and relations, with /? a deformation parameter: 

[S-iH^-iH] = -4/3H. 2 [n + m], 

[£;_i[n],fr_ 2 [m]] = 2/3«5 n+m , , #- 2 [m]] = -2/W n+TOi o, 

[tf_ 2 [n],#_ 2 [m]] =0. 
Let f) be the algebra generated by: 

H [n] , n € Z, 

and relations: 

[H [n],H [m]} = (l/2)(n)(35 n+mfi . 
The algebra g is the direct product of q and f). 

[flo[n],£7_i[m]] = 0, [H [n], F_i[m]] = 0, [ff [n],ff- 2 H] = 0. 
The corresponding fields are: 

-n-2/3 

nS-2/3+Z 



£7_i(z) = £U[n]z" 



ne-2/3+Z 

tf_ 2 (z) = ^ ff_ 2 [«]*~ n ~ 1/3 > 

ne-l/3+Z 



flo(z) = ^ H [r 

The sums are over the ring Z shifted by a certain number such that z 
has an integer power. 
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2.2 The normal ordering of two fields 

The normal ordering of two fields A, B of conformal weights A ,4 and 
Ab, is defined by the following way: 

A(z)= Yl A[n]z- n - A \ 

neI,~A A 
B{z)= B[nK n ~ AB , 

A reg (z) = ^N^ n " AA , 

-n-A A >0 

A sing {z) = Y A[n}z- n ~ AA , 

-n-A A <0 

: AB : (z) = A reg {z)B{z) + B{z)A sing {z). 

3 dP_ x quantum central element 
3.1 Definition of d_ x 

The following element is defined: 
Definition 3.1 . 

dt^z) = E_±{z) + F_i(z)+ : #-2#-2 : (*)■ (2) 



3.2 Centrality 

Lemma 3.1 . The Fourier coefficients of d l3 _ 1 are central in the en- 
veloping algebra Uq. 

Indeed, the normal ordering is developped and gives a decomposi- 
tion of the delta function. 

Definition 3.2 . Let Uq^ be the quotient ofU$ by the ideal gener- 
ated by the c^-Jn]. 
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3.3 The degree of dt x 

The element d_^ is homogeneous: 

= E„ x + : #_ 2 tf_ 2 : ; 

as, deg{E-\) = deg(F-i) = —2,deg(H_2) = — 1, it gives: 

deg{dP_ 1 ) = -2. 
The conformal weight is 2/3. 

4 The VOA associated with q 

The goal of this section is to show the following theorem: 

Theorem 4.1 . There exists a VOA structure associated with q and 
dt x . 

The vacuum module is 7Tq and the space of fields as defined 
above § @. 



4.1 The quantum module of the states 

Definition 4.1 . Let U + be the sub-algebra of (Ugp°> generated by 
the X[n],n > 0,X = E—i, F—\, H^2 an d let U~ be the one generated 
by the X[n],n< 0,X = E- 1} F- 1} H- 2 . 
The quantum module ttq is defined by: 

Definition 4.2 . 

with Ug+ acting trivialy over C as a character, putting all X[n] to 
zero. 

Let |0) be the following element: 

|0) = 1(8)1, 

then the application U~ — * ttq, T h- > T\Q) is an isomorphism of vector 
spaces. 

A degree is defined over 7Tq by: 
deg(\Q)) = 0, deg(E-± [n]) = n, deg(F^i[n]) = n, deg(H- 2 [n]) = n. 
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4.2 The quantum algebra of the fields 

The algebra of the fields T is defined by: 

where T is freely generated by E—i(z), F_i(z) and H- 2 (z), and the 
derivatives of the fields, taking the normal orderings in the completed 
space of E/g (0) [[z,z -1 ]]. As dP_ x is homo geneous, a degree is defined 
over T by: 

deg(E^(z)) = -2/3, deg(F^(z)) = -2/3, deg(H^ 2 (z)) = -1/3, 
deg(: AB :) = deg(A) + deg(B), 

and: 

deg(A') = deg(A) - 1. 

The degrees introduced in the Q are —3 times the one defined 
here. The conformal weight is the opposite of the above degree. 

Proposition 4.1 . The normal product from the left to the right of 
the following expressions: 

E_ 1 (zy°EL 1 (z) e \..E^(z) en ... 

F^ 1 (z) fo FL 1 (z) fl ...F^(z) fn ... 

H. 2 {z) h ^'_ 2 (z) h \..H^{z) hn 

define a basis of J- . 

Proof, this proposition is proved using associativity and commu- 
tativity of normal ordered products, up to terms of lower degree. 

4.3 The fields-states correspondence 

It is first given the following lemma: 

Lemma 4.1 . // both limits lim z ^>oA(z)\£l) and lim z ^QB(z)\{l) ex- 
ist, then the limits lim z -+o : AB : and Um z —>oA l '(z)\£l) also 
exist. 
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Proposition 4.2 . There exists a correspondence: 

7Tq — 

X ' ^ 

so i/iai: 

A derivation is defined over the fields by the usual derivation and 
too for the states v by: 

d\n) = 0, 

d{E-! \n]v) = {-n + l/3)£_i [n - l]u + £_i [n]9u, 
d(F-! [n]v) = (-n + l/3)F_i [n - l]v + F_i [n]0u, 
d(if_ 2 [n]<;) = (-« + 2/3)H_ 2 [n - l]v + H- 2 [n]dv. 
It gives: 

— 00 = 009. (3) 
4.4 The derivation of the VOA 

Set: 

T(z) = -l/4[: ^^-2 : (*)- : ^#-2 : (*)], (4) 
Proposition 4.3 . 

[L ,X(z)] =X'{z),Xef. 
The computation is standard but uses 

Remark 1 . The field T(z) obeys the relations of the Virasoro algebra 
without central charge. 
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4.5 The locality of the fields of the VOA 

Proposition 4.4 . All fields of the space T are local with respect to 
each other. 

The two fields E-\ and F-\ are considered, and their correlation 
function over two vectors |£) and \v). 

{i\:E_ 1 {z)F_ 1 {w):\v) = 

(e|£7-i reff (z)F-iH + F- 1 {w)E- lsing {z)\v), 
{£,\E-i{z)F-i{w)\v) = (£| : B-i(z)f_iH : |v>+ 
^ (£| [n] , F_! [m]] |f)z- n - 2 / 3 w;- m - 2 / 3 , 

-n-2/3<0,m 

with the formula of the commutator, 

(£|(-4/?fl_ 2 [n + m])|t;}z- n - 2 / 3 u»- m - 2 / 3 , 

-n-2/3<0,m 

the sum is the expansion for w small with respect to z of: 

(£|if_ 2 (u;)h;)/(*-«;), 
then the same holds with: 

(€\F-i(w)E-i(z)\v), 

for z chosen small with respect to w. Therefore, both expressions 
(£,\E-i(z)F-i(w)\v) and (£\F-i(w)E-i(z)\v) give expansions of the 
same rational function on C 2 in different spaces of formal series. This 
proves the axiom of locality. 

4.6 The VOA associated with q 

Definition 4.3 . Let rj be the algebra generated by the Ho[n]. Let 
ttq' 13 be the Fock vacuum module. 
The tensor product: 

TTq — 7Tq Q9 VTq , 

admits a VOA structure. 
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It exists a VOA associated with g which is the tensor product of 
the VOA associated with g by the one attached to f), it possesses a 
vacuum module 7Tq and a space of fields T. 

The Virasoro field of the algebra tensor product is: 

T Q {z) <8> 1 + 1 ® T(z), 
with Tq(z), the Virasoro field of the free fields |||. 

5 The quantum Serre relation 
5.1 The vertex operators 

We will define quantum analogues V± of the classical screening charges 
Q + and Q- which appeared in Q. 

Definition 5.1 . Let the algebra g' be the semidirect product of g by 
p so that: 

[H [0],p] = 1, 
[X[n],p]=0, 

for X[n] 7^ Ho[0]- Let the algebra g' + be constructed by Ho[0],p, X[n], 
for positiv n. 

Definition 5.2 .A character Xn is defined over this algebra by: 

p i— > n 

flo[0] ^0, 
X[n] i ^ 0. 

Definition 5.3 . 77ie quantum modules TTn are: 

^ = Ug' C Xn . 
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Definition 5.4 . Two operators V + and V- are defined as endomor- 
phisms of each module of highest weight for 0, the semi-direct product 
of the envelopping algebra of g by e ±p , elements which commute with 
all the generators of Q excepted Hq [0] , and such that: 

e ±p H [0}e TP = H [0]±p. 
The sum of 7r„ is such a module of highest weight. 

ho{z) = J H , 
V+(z) = e h °^e p e h ° {z \ 



with h. 



with: 



with: 



n 



*.-« - - E 

n£N* 

V + = J E^(z)V + (z)dz = 
= j J2 E -Mz~ n ~ 2/3 V+(z)dz, 

V + {z) =Y,V + [n}z~ n , 

n 

V- = j E- X (z)V-{z)dz = 
= j J2 E -Mz~ n ~ 2/3 V-(z)dz, 

J n 

V-(z)=Y,V-[n]z- n , 

n 

v + = j2 E -ii-yz +i\®v+[-i-i], 

V- = J^F_i[-2/3 + i] ®V-[-l 
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5.2 The quantum Serre relation 

The following quantum Serre relation (g-Serre) || between the oper- 
ators V+ and V- is: 

Theorem 5.1 . The following quantum Serre relation holds: 

S = V-Vl - [3]V+V-V% + [3]V%V-V + - V+V- = 0, (5) 

with: 

[3]=q + q- 1 + l, 
Proof: it gives four terms: 

S = Sx- [3}S 2 + [3}S 3 - S A , 
Si= £-i [i - 2/3]F_x [ji - 2/3]F_a [j 2 - 2/3]F_i [j 3 - 2/3]® 

® v _[_i _ - i]y + [- j2 - i]v + [-j 3 - i], 

5 2 = ^ F_i [71 - 2/3]S_! [i - 2/3]F_! [j 2 - 2/3]F_i [j 3 - 2/3]® 

®V + [-h - i]f_h - i]^+[-j 2 - l]F + [-j 3 - 1], 

5 3 = F -! bi " 2 /3]F-i b' 2 - 2/3]S_i [i - 2/3]F_a [j 3 - 2/3]® 

®v + [-h - i]v+[-j 2 - i]v4-i - i]v+[-j 3 - 1], 

Sa = Yl F -! b'l - 2 /3]^-i b'2 - 2/3]F_! [ J3 - 2/3]£U [i - 2/3]® 

®V + [-h - l]V+[-j 2 - l]V+[-j 3 - l]V-[-i - 1]. 

It is then possible to reorganize the four terms using the relations of 
the Lie algebra. 

A family of elements of (Uq)^ is chosen: 

E-i[i - 2/3]F_i[7i - 2/3]F_ 1 [ 7 2 - 2/3]F_ 1 [j 3 - 2/3], 

for i > 0, 

- 2/3]F_i[; 2 - 2/3]F_x[i3 - 2/3]£Li[i - 2/3], 
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for i < 0, 

H„ 2 [i - 4/3]F_ 1 [j 1 - 2/3]F_ 1 [i 2 - 2/3], 

for i > 0, 

F.ifoi - 2/3]F_x[i 2 - 2/3]iJ_ 2 [* - 4/3], 

for j, 

F_i[7-2/3]. 

This family of terms is free. The identities obtained by the elements 
in the expression of |5.1| are the following ones: 

for E_ x [i-2/3]F_i [ji -2/3]F_! [j2-2/3]F_ 1 [? 3 -2/3], and F_j [h - 
2/3]F_i[72 - 2/3]if_ib' 3 " 2/3]£_i[i - 2/3], 

(^-H " " - l]V+[-.73 - 1]- 

-[3]^+[-ii - l]V-[-i - l]V + [-h ~ l]V+[-j 3 - 1] + 

+ [3]V + [-j 1 - l]V + [-j 2 - 1]VLH " l]^+[-J3 - 1]- 

-V+[-h - l]V+[-h - l]V+[-j 3 - l]V-[-i - 1]) = 0, 

because of the g-Serre relation between V±. 

For the other expressions, the terms are then put in the form of 
contour integrals. Z2 from 1 to 1 rotating around in the trigonometric 
way, z\ too, around z 2 , z around z\ and Z2, and endly z' around z%, 
Z2 and z. 

- J V-(z')V + (z)V+(zi)V+(z2)[l/(z - z')][z i - 1 4 1 Z2]dzdz'dz 1 dz 2 - 

- J V_(2 , )V r +(zi)K|.(z)y + («2)[l/ \z - z')]^' 1 zf 4 2 ]dzdz' 'dz X dZ2~ 

- J F_(/)y + (zi)F + (z 2 )F + (z)[l/(z - z')}[z i - 1 z{ 1 z 2 i2 ]dzdz'dz 1 dz 2 + 
+ [3] J V+WV-WV+izjV+izdil/iz - z')][z L - 1 z[ 1 z^]dzdz'dz l dz2+ 
+ [3] J V + (zi)V-(z')V + (z)V+(z 2 )[l/(z - z)][z i - 1 z{ 1 z 2 n ]dzdz'dz l dz2+ 
+ [3] / V + { Zl )V-{z')V + {z2)V + {z)[l/{z - z')][z i - 1 z{ 1 zi 2 ]dzdz'dz 1 dz 2 - 
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-[3] J v + ( Zl )v + {z)V-{z')v + {z 2 )[i/(z - z')]^- 1 z{' 4 2 ]dzdz' d Zl dz 2 - 
-[3] J y + (z)y + (z 1 )y_(z / )v+(^ 2 )[i/(^ - z'W' 1 z^ z? 2 \dzdz' dz x dz 2 - 

-[3] J V + (z 1 )V + (z 2 )V-(z')V + (z)[l/(z - z')}[z i - 1 z{ 1 4 2 }dzdz'dz 1 dz2+ 

+ J V + {z 1 )V + {z2)V + {z)V-{z')[l/(z-z')][z i - 1 z{ 1 zi 2 }dzdz'dz l dz 2 + 

+ J V+iz^V+^V+^V-iz'^l/iz - z')][z l - 1 z{ 1 z{ 2 ]dzdz'dz l dz 2 + 

+ J V + {z)V + {z l )V + {z 2 )V-{z')[l/{z-z')][z l - 1 z{ 1 z¥}dzdz'dz l dz 2 + 

+(zi <-> z 2 ) = 0. 

+ J V-iz^V+iz^V+iOV+iz^lKz - z')}[l/{t - z)}z{dzdz'dtdz 1 + 
+ J V-(z')V + (OV + (z 1 )V + (z)[l/(z-z / )][l/^-z)]4dzdz'd^dz 1 - 

-[3]( | ^ + (or_(^)y + (z)y + (^)[i/(z - z ')][V(c - «)]^'d^dedzi+ 

+ y V + ( Zl )V-(z')V + (OV + (z)[l/(z - z')][l/(Z - z^zidzdz'dtdz^ 
+[3]( y y + (0^+(^)Vl(^)^+(^i)[V(^ " ^)][V(C - z)]4dzdz , d£dz 1 + 

+ y ^(o^ + (zi)y_(/)^ + (z)[i/(«- 2: , )][i/^-z)]^dz £ fe , dedzi)- 

-( y ^+(z 1 )^+(0^ + (z)y_(z , )[l/(z - z')][l/{i - z)}z{dzdz'didz 1+ 
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+ J V + (0V + (z 1 )V + (z)V-(z')[l/(z-z')}[l/(Z-z)]4dzdz , dt;dz 1 + 
+ J V+iOV^V^V^il/iz - z%l/(( - z^zidzdz'd^dz^ + [ 
-( J V-{z')V + (z)V + {i)V + { Zl )[l/(z - z')}[l/{i - z)]z{dzdz'dfidz 1 + 
+ J V-(z')V + (z)V + (z 1 )V + (0[l/(z-z%l/^-z)]4dzdz'd^dz 1 + 

+ J v^z')v + (z 1 )v + (z)v + (0[i/(z-z%i/(c-z)}z{dzdz'd^dz 1 )+ 

+ [3] J V + {z)V-(z')V + {t,)V + { Zl )[l/(z -/)}[!/ {t - z)]z{dzd Z 'dtd Zl + 
+ [3] J V + (z)V-(z')V + ( Zl )V + (0[l/(z - z')][l/(£- z)]z{dzdz'd^d Zl + 
+ [3] J V + ( Zl )V^z')V + (z)V + (0[l/(z - z%l/(^ - z)}z{dzdz'd(d Zl - 
-[3] j V + { Zl )V + (z)V-{z')V + {i)[l/(z -/)}[!/ {t - z)]z{dzdz'did Zl - 
-[3] J V + (z)V + (OV-(z')V + (z 1 )[l/(z-z%l/(Z-z)]z{dzdz'dfidz 1 + 
-[3] J V + {z)V + ( Zl )V-{z')V + {i)[l/(z -/)}[!/ {t - z)]z{dzdz'did Zl - 
-(- j V + {z)V + {OV + { Zl )V^z')[l/{z - z%l/{i - z)]4dzdz'did Zl - 
- j V+^V+WV+iOV-iz'Kl/iz-z^l/iZ-z^zidzdz'dtdz!- 

- J V + (z)V + (z 1 )V + (OV.(z')[l/(z-z%l/(C-z)]zidzdz , dCdz 1 )]=0. 

If the first expression vanishes for V+(z) and V-(z') in the case of the 
zero modes, the same manipulation implies the vanishing for all the 
a + (z)V + {z) and a-(z')V-(z'), using for a + and a_ powers of z, z' . By 
linear combination, it implies the general equality. We will therefore 
prove the identity for zero modes. 
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To show the vanishing, the contours are deplaced toward the unity 
circle and each of the integrals are decomposed with the angular sec- 
tors. 

/ V-Wv+wv+izjv+fofti/iz - z')]dzdz'd Zl dz 2 , 

Js 

with S a certain angular sector. 

Lemma 5.1 . For the contour integrals, the rule of calculus is the 
following one, for < arg(z) < arg(z') < 2ir and \z\ > \z'\: 

V + (z)V-(z') = (z-zT--V + (z)V-(z'):, 

it gives: 

V + (z)V-(z')=e ia ^(z')V+(z), 

with: 

q- 1 = e ia7T ,a = 1 . 

The vanishing of the coefficients must be showed with each of the 
angular sectors, using the standard integrals by the rules of calculus. 
For this aim, it is made use of a lattice. Because of the independance 
of the angular sectors for a lattice (lemma |5.2| ) , the vanishing of the 
coefficients for the angular sectors of the lattice implies that the coef- 
ficients vanish for the ones of the contour integrals, and so proves the 
identity. 

5.3 The lattice 

The lattice is given by Z and the variables ", with: 

for i < i', i,i' £ {1,2, N} and e,e' = +, — ; it allows to give a 
definition of the dicret analogue of the charge operators, 

N 
i=l 

For a permutation of {z, w\, ^3}, a, and for a fixed angular 
sector, the integration over it is: 
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/ ^ig( CT ( Z ))(^(^))^ig( CT (toi))(^(^l))^i 9 (a(w 2 ))( CT ( W 2)^i g ( ( 7(u.3))( fT ( U; 3)) 

J s 

= c(a) f V_(z)V + ( Wl )V + (w 2 )V + (w 3 ), 
Jcr-i(S) 

with sig, the sign corresponding with the permutated term, and with 
c(<r), a coefficient which depends on the permutation. 

Also for the permutation of {i, ji,j2, 0*> the sum over the cor- 
responding lattice sector is: 

E x s *9(°"(*) x s *9(°"(ii) x si g(°~(j2) x si g(°(j3) _ 
a(i) a{ji) a(j 2 ) (r(j 3 ) 

the rules of permutation are the same. 

The vanishing of the coefficients of the lattice sums is proved using 
an identity for the lattice ( |5.3|) (lemma |5.3| ) , after having showed the 
independance of the angular sectors over the lattice (lemma |5.2| ). The 
vanishing of the coefficients of the standard integrals over the sectors 
is showed and the identity (|5.2|). 

the sectors is showed and the identity fl5.2|) . 

Lemma 5.2 . The angular sectors over the lattice are independant. 
Lemma 5.3 . The following identity for the lattice is satisfied: 

^2 - x ~j> x ^ x X x h e (^i'} ~ x ~j> x X x ^ x X e (i^'}~ 

j,j',ji,h 

-xj, art x+ xje(j,j') + 

+[3]( x t x i' x t x t2 e (iij') + x ~t 1 x ~j> x ~j x ~j 2 e (jii')+ 

j,j',jl,32 

+[3]( Y ~ x ti x t x j' x t2 e ^'^~ x t x ti x j' x t2 e ^'^~ 
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-xfx^x j ,xje(j,j'))+ 

3, f, 31,32 

+xfxj i xf 2 xj,e(j,j')+ 
<-> J2) = 0. 

Proo/: 

e is decomposed in elementary antisymmetric functions; so we can 
have e(j,j') = 1 and the other terms are zero. 
Some derivations of the ring C[x^] are used: 

Lemma 5.4 . The following formulas define derivations of the ring 
C[xf]: 

S t( X j) = 5e+0~ijX e j, 

The derivation of the g-Serre relation S r = for the lattice, which 
is proved by use of the coproduct of U q slz, is then: 

S r = V^Vl - [3]V + V^Vl + [3]VlV^V + - V+V- = 0, 
8f6j,(S) = 6t(xJ,V* - [3]V + xj,V* + [3]V*xJ,V+ - V*xJ t ) = 

- ^ x h x h x j' x h x j x h x j' x h x h x 3 + 

31 ,32 

+ [3](£ X i X 3' X h X 32 + X t X 3' X t X 32 + X t X 7' X i2 X i + 

31 <32 

+ [3]( J] - x h x t x J' x h - x t x t x J' x h - x n x h x J'4+ 

31 ,32 

I /ya I /y* ^ r>» ^ /y* I /ya I ry ^ '~r~* ^ <~y* I ry* ^ /y» I /ya I /y» I 

-t- ^ x j 1 x j 2 x j x j> t ^i^j x j 2 x i' + x i x h x j2 X j'^ 

31 ,32 

+ <-> J2) = 0. 

The identity (^) is obtained. 
□ 

A same calculation holds in the case the derivations 5f are 
applied three times. 
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6 Calculations of cohomology 

6.1 The quantum resolution BGG 

The quantum resolution BGG (g-BGG) is constructed with Verma 
modules Q: 

B](~ Q ) = ® Ks)=3 M q p _ s{p y 
with M q , n a module of Verma. 
Definition 6.1 . 

ifn^O, 

Definition 6.2 . A degree dyoA is defined for Tn , Vn being the vector 
of highest weight: 

dvOAV% = n 2 /3, 
dvoAX[i] = i. 

d respects the degrees. 
Notation 1 . For all n, define Hk(n)@ as the cohomology Hk{T^{n)). 

6.2 The degrees of the iT n 

Lemma 6.1 . V± are morphisms of fin towards fi^+i' if has for 
degree VOA dyoA — n 2 /3 and vff +1 , dyoA — (n + l) 2 /3, then they are 
of degree 1/3. 

At level of g-BGG, the cohomology of the resolution is A*a*. 
The degree of the resolution gives 7Tq of degree 0, frf is of degree 
1, nz.i of degree —2/3. The differential is of degree 0. 
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6.3 The character of the resolution 

Let us fix n € [1/3]Z. The Euler characteristic of the resolution is for 
the degree n component of the VOA: 

X \n){Ttd) = Y J dim(^ l (n)) - J>m(*£ +1 (n)) = 

i i 

= Y J dim{H 2i {nf) -Y,dim(H 2l+l {nf). 

i i 

The character is the same in classical as in quantum. The charac- 
ter of the quantum cohomology is the same as that of the quantum 
complex, as the character of the cohomology is the one of the complex, 
it is obtained that the character is the same in classical as in quantum. 

The classical cohomology is zero in odd degree if 3n is even, n 
being dyoA, and zero in even degree if 3n is odd. 

In a point of specialisation, the cohomology increases; so that: 

dim(H 2 i(n) f3 ) < dim(H 2 i(n)), 
dimi^i+iin) 13 ) < dim(H 2i+1 (n)). 

As: 

dim(H 2i+ i(n)) = 0, 
dim{H 2l+l {nf) = 0. 

And: 

dim(H 2 i{n)P) < dim(H 2 i(n)) . 
As the character is the same in quantum as in classical: 

'^2dim(H 2i (n) 13 ) = dim(H 2i (n)), 

i i 

it is obtained: 

dim(H 2i (n)P) = dim(H 2i (n)). 

Spectral sequence (TJ] must be considered, the vertical cohomol- 
ogy is A* a*, with a horizontal differential of degree 1. The vertical 
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differential of the spectral sequence is of degree (0, 1), the horizontal 
one is of degree (1,0). 

The cohomology of the total complex is E^ q . 

For p = 0, 1, E% q = A q a*, for p ^ 0, 1, E p 2 ' q = 0. 

The cohomology of the total complex is Ylp+q=n 9 ■ The H l of 
the total complex is E^ © E®' 1 , it gives, C © a*. 

6.4 The quantum integrals of motion 

Theorem 6.1 . The integrals of motion § d,2i+\ admit quantum de- 
formation, which belong to a completed universal envelopping algebra 
and which commute with each other and have the same degrees as the 
integrals of motion. 
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